TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 283, Number 2, June 1984

ON STABLE BLOCKS OF AUSLANDER-ALGEBRAS
BY
CHRISTINE RIEDTMANN

ABSTRACT. The Auslander-algebra E of an algebra A of finite representation type is
the endomorphism algebra of the direct sum M = @ M, of one copy of each
indecomposable A-module. A stable block of E is a connected direct factor of the
residue algebra of £, modulo the two-sided ideal generated by the projections of M
to the M,’s that are not stable under DTr. This paper describes the stable blocks
whose quiver is a stable translation-quiver of class 4, or D,.

1. Introduction. Let A be a finite-dimensional associative algebra over an algebrai-
cally closed field k, and assume A has only a finite number of indecomposable
modules M,, M,,..., M, up to isomorphism. The endomorphism ring E, of the
direct sum M = @ M, is called the Auslander-algebra of A. It is a finite-dimensional
basic k-algebra which determines A up to Morita equivalence [1], and its quiver is
the Auslander-Reiten quiver I'y of A (see e.g. [S, 1.1]). A is called standard if E, is
isomorphic to the residue algebra of the path algebra kI, modulo the ideal of
mesh-relations of T’y [2]. There are examples of nonstandard algebras, although only
in case k has characteristic 2, and the number of nonisomorphic basic connected
algebras with the same Auslander-Reiten quiver can in fact be arbitrarily large
though finite [7-9)].

It seems to be an impossible task to describe all connected Auslander-algebras by
their quivers and relations. For one thing, not much is known about Auslander-
Reiten quivers. The intrinsic criterion given by Bongartz and Gabriel in [2] for a
translation-quiver to be the Auslander-Reiten quiver of a representation-finite
algebra A is hard to verify. However, the stable part .[I'y of an Auslander-Reiten
quiver T, is easy to describe. A vertex M, of I, is called stable if M, is isomorphic to
7'M, for some integer r = 0, where 7 denotes the Auslander-Reiten translation of T,
and the stable part [T, of I, is the full subtranslation-quiver of I', whose vertex set
consists of the stable vertices of T,. This stable part ,T, is a disjoint union of
translation-quivers of the form ZA /II, where A is one of the Dynkin-graphs A
Eg, E,, or Eg and II is an admissible automorphism group of ZA [4].

We will concentrate on the problem of describing the stable Auslander-algebras
by quivers and relations. First we recall the definition: The stable Auslander-algebra
E, is the residue algebra of E, by the two-sided ideal LE,¢,E,, where e,; M — M is
the canonical projection and where the sum is taken over those i for which M, is not
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stable. Let us decompose £, = B, X B, X -+ X B, into a product of connected
subalgebras, the so-called stable blocks of E, [5. 1.3]. Since the quiver of E is T\,
the quiver of each B, has the form ZA/II, and we say that A is the class of B;. We
call a stable block B with quiver I standard if B is isomorphic to the residue algebra
of kI" modulo the ideal of mesh-relations of I" and nonstandard otherwise. Note that
an algebra A whose Auslander-algebra has a nonstandard stable block is necessarily
nonstandard itself. It would be interesting to know if the converse of this statement
is true. For the known examples of basic and connected nonstandard algebras even
more is true: If for two such algebras A and A’ there is an isomorphism between E
and E, such that the induced isomorphism from T, to T, extends to an
isomorphism from I’y to I'y,, then A and A’ are isomorphic.

With each stable block I' of class A = 4, or D,, we will associate an integer
N(T') = -1, which for a given A only depends on the group IT and is equal to -1
except for a finite number of groups. If N(I') > 0 we will define algebras B,
B,...., By, with quiver I so that the following holds.

THEOREM. If k has characteristic =+ 2, every stable block of class A, or D, is
standard. If k has characteristic 2, every stable block B with quiver T" of class A, or D,
is standard, unless N(I') = O, in which case B is either standard or isomorphic to B,
B\,..., or By

In case k has characteristic 2 and N(I') > 0, we will also show that B, is not
standard and not isomorphic to B...., By ). However, for N(I') > 1, isomor-
phisms might exist between some of the B,.... By, and some of them might be
standard. Computations carried out in the lowest dimensional cases indicate that
this does not happen. However, since no I' with N(I') > 1 has been realized yet as a
connected component of any stable part .I'y, it does not seem worthwhile to pursue
the matter, in particular since the necessary computations are intricate.

It would be interesting to know which algebras B do arise as stable blocks of
Auslander-algebras and what their quivers are. In particular, it is not known whether
there is a stable block with quiver I" for which N(I') > 1 and whether nonstandard
stable blocks of class 4, or E,, E5, or E; exist. The E, -cases are not treated here. It
is clear that nonstandard stable E,-blocks are possible for only finitely many
quivers.

I wish to thank the Departments of Mathematics of the University of Basel and
the University of Washington for their hospitality and the Schweizerischer
Nationalfonds for its support.

2. Results. Throughout the paper we assume & to be algebraically closed. We now
fix the notations that are necessary to state our results.

For the vertices of ZA4, and Z D, we will use the coordinates introduced in [5, 1.3];
i.e., each vertex is represented by a pair (i, j) withi,j € Zand 1 </ < n, and 7 is
given by 7(i, j)= (i — 1, j). In the case ZA,, there is an arrow (“going up”)
(i, j) = (i, j + 1) and an arrow (“going down™) (i, j + 1) = (i + 1, j) for each
i€Zand 1 <j<n-— 1l In the case ZD,, there are arrows (i, j) = (i, j + 1) and
(i, j+ )= (@(+1,j)forieZand |l <j<n—2and arrows (i,n — 2) = (i, n)
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and (i, n) = (i + 1, n — 2) for i € Z. The fundamental group II is always infinite
cyclic, say generated by ¥ [4, 4.2].

Consider the case A = A,,. If n is odd, ¥ can be chosen to be either 7" or 7"® for
some r > 1, where @ is the reflection of Z A, which fixes all vertices (i,(n + 1)/2)
on the “symmetry axis”. In coordinates, ® is given by

(i, j)=(i+j—-(n+1)/2,n+1-j).
In case n is even, we have ¥ = 7" or ¥ = 7p for some r > 1, where p is the
reflection-translation given by
e(i, ))=0G+j—-1=-n/2,n+1-j).
Set ' =7ZA,/¥% with ¥ as above, and let m: ZA4, —» ' be the canonical
projection. Define

[ﬁ%] for n odd,
M(T) = [n—2r—4] ¢
v or n even,

where [x] is the greatest integer less than or equal to x. By J we denote the ideal of
the path algebra kI' generated by the mesh-relations. For each integer ¢ with
0 < ¢ < N(T), we set

(-1, (n+1)/2+2cr+r+1) fornodd,
x'=
¢ (-1,n/2+c(2r+1)+r+2) forneven,

and we let v, be the only path (going down along the diagonal) in ZA4,, from x, to
-G+ Dr-ly . We define J, to be the ideal of kT which is generated by all paths of
length n together with all mesh-relations, except that we add #(v,) to the mesh-rela-
tion arising from the mesh starting at (x,).

Let A = D,, and let ¥ be the generator of an admissible group of automorphisms
Il of ZD,. If n > 5, we have either ¥ = 77 or ¥ = 7'® for some r > 1, where ® is
the automorphism of ZD, which exchanges (i, n — 1) and (i, n) for all i € Z and
fixes all the other vertices. For ZD,, ¥ can be 7, 7"® or 7'p for some r > 1, where ®
is as above and p is given by

(i,2) forj = 2,
(i ) = (i—1,3) forj=1,
PRETTA (19 for j = 3,

(i+1,1) forj=4,

foranyi € Z.

Set T =ZD,/¥”* with ¥ as above, and let m: ZD, > ' be the canonical
projection. Define
n—3—r
[ 2r
-1 otherwise.

] if either ¥ = 7" with r odd or ¥ = 7"® with r even,

M) - {
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By J we denote the ideal of the path algebra kI" generated by the mesh-relations. We
set x = (=1, n — 1), and for each integer ¢ with 0 < ¢ < N(I'), we let v, be any path
in ZD, from x to ¥ ?<*Yr-!x for which all vertices (i, j) except the first one and
the last one satisfy j < n — 2. We define J, to be the ideal of kT" generated by all
paths of length 2n — 3 together with all mesh-relations, except that we add 7(v,) to
the mesh-relation arising from the mesh starting at 7 (x).

THEOREM. Let B be a stable block with quiver T =7ZA,/I1 or T = ZD,/11. If
either k has characteristic = 2 or N(I') = -1, then B is isomorphic to kT /J and thus
standard. If the characteristic of k equals 2 and N(T') > 0, then B is isomorphic to
either kU'/J or kT /J, for some c¢ with 0 < ¢ < N(T'). In this case, kT /J, is not
isomorphic to kT'/J nor to kT /J. for any ¢ > 1.

" 3. Proofs. We will give the proof for stable blocks of class D, only. The case of
stable A4,-blocks can be handled with the same methods; it is somewhat simpler since
the morphisms in k(ZA,) are easier to describe. In addition, the theorem was
partially proved in [5] for the A4,-case.
3.1. Notations (compare [7]). We call a vertex (i, j) of ZD, low if j < n — 2 and
high if j > n — 1. A high vertex (i, j) is said to be even or odd if i + j is even or odd,
_respectively. Note that for each integer i there is an even and an odd high vertex with
first coordinate i. Two high vertices (i, j) and ( p, ¢) will be called congruent if they
are either both even or both odd.
For each integer /, there are three paths from (i, n — 2)to(i + 1, n — 2)in ZD,:

L:(i,n—2)->(i+1,n=3)—=(i+1,n-2),
ho:(iyn—=2)-> (i, j)—= (i+1,n—2),
W(i,n—=2)-(i,j)=>((+1,n-2),

where (i, j) and (i, j’) are the even and the odd high vertices with first coordinate i,
respectively. We call 4; and 4] the even and the odd crenel path. A path v is said to
be low if it does not contain a crenel path and high otherwise. Observe that a low
path may start or end at a high vertex.

Let v=a,a,_, - a, be a path in ZD,. We denote the image of v in the
mesh-category k(ZD,) by 6 =@, --- a,. We set 6 = @, - - &, where @ = a for all
arrows a whose head or tail is high as well as for a: (i, j) = (i + 1, j — 1) with
2<j<n—2 and where & = (-1)"/a for all arrows a: (i, j) — (i, j + 1) with
1 €j < n— 3. Sending v to ¥ induces a k-linear functor from the path category
kZD, onto k(ZD,); we denote its kernel by I and call it the ideal of modified
mesh-relations. Define a path v to be essential if © =+ 0.

Two paths w and w’ from x to y are said to be neighbors if w = w,ow, and
w' = wo'w, and if the set (v, v’} equals {/,, h; h, o b (Aol ho B
(Lo b B By, or (R, R, () for some i € Z or {Ba, 8y), where a, B, v, 8 are
the arrows of Figure 1 for some vertex (i, j)with2 <j < n — 3.
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(i, j+1)
oa / N B
(i, J) (i+ 1))
YN )
(i+1,j-1)
FIGURE 1
If there is a sequence w = wy, wy,..., w, = w’ of successive neighbors, w and w’

are called homotopic. Differences of homotopic paths lie in I, since Ba — 8y clearly
does (Figure 1) and since e.g.

licihi = hih = (li+1 —hi - h;+l)hi +hih
Note that k), h; contains a subpath (i, j) > (i + I,n —2)—> (i + 1, j) with j >
n — 1, which is a (modified) mesh-relation.

3.2. Morphisms in k(ZD,). We fix two vertices (i, j) and ( p, ) of ZD, such that
there exists a path from (i, j) to ( p, q). Equivalently, we assume that i < p and
i + min(j, n — 1) < p + min(g, n — 1), where min denotes the minimum.

In case p < i + min(j, n — 1) — 1, we let u,, be the path

uo: (i, j) = (p, i+ min(j,n = 1) = p) = (p. q).

Thus u, is defined if ( p, ¢) lies in the area hatched vertically in Figure 2. In case
both (i, j) and ( p, q) are low and if in additionp <i+n—-1<p+gqg<i+j+
n — 2, we let u, and u] be the paths

hl

w: (i, )= (i,n=2)>(i+1L,n=-2=>(p,i+tn—-1-p)->(p,q),
y

w:(i, j)- (ibn—2)=(i+1,n=2)>(p,i+n—1-p)=(p.q).

In this case, ( p, ¢) belongs to the area hatched horizontally in Figure 2.

(i,n-1) (j-lyn-1)
N 11 |
L] 4
(p)9) AN
N A o
: 2(P)4)
4 /
“Alo ’ 4 )
N 7 W)W
A 7
N
4> n\‘r—»\?/
(ca3-1,1) (4+n-2,1)

FIGURE 2
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PROPOSITION. Let (i, j) and (p, q) be two vertices of ZD, such that there exists a
path from (i, j)to (p, q). Then
ki, if (i, j), (p.q)arelowandp <i+j—1,
ptg<i+n-—2,
kity if (i, j)islow,(p,q)ishighandp <i+j— 1,
ki, if (i, j)ishigh,(p,q)islowandp < i+ n— 2,
ki, if (i, j),(p,q) are high and congruent and
p<it+n-—2,
k(ZD,)((i, j).(p.q)) = ki, ® kit, ® kit, /k (it + @, + i)
if(i,j),(p,q)arelowandi + n — 1 <p + q,
p<itj—1,
ki, ® ki) /k(a, + @)
if (i, j),(p,q)arelowandi +j < p <
i+n—-2<p+gqg<i+j+n-—2,
0 otherwise.

The proof is based on the following

LEMMA. Let v: (i, j) = (p, q) be essential.
(a) Assume both (i, j) and ( p, q) are low. If v is low, then

p<si+tj—1
and v is homotopic to u,. If v is high, then
i+n—1<p+q<i+j+n—-2 and p<i+n-—2,
and v is homotopic to u, or uj.
(b) If at least one of the vertices (i, j) and (p, q) is high, then

p<i+min(j—1,n—2) and ©=4,.

PROOF. (a) Assume v is low and suppose i + j < p. Then v is homotopic to a path

containing the subpath

()= (+j- L) = (i+j-12) = (i+]j.1),
which is not essential. Thus p < i +j — 1, and v is homotopic to u,. Observe that
any two low paths are homotopic.

If v is high, it has the form v = v,0,0v,, where v,: (i, j) = (k, n — 2) is low and
v, = h, or v, = h}. Since there exists a path v, from (k + 1,n — 2) to (p, q), we
have i+ n—1<k+n—-1<p+q. Now suppose v contains more than one
crenel path. Then we find a subpath w = w,ww; in v such that w, is low and w, and
w, belong to {h,, h; ) and {(h, , h} )}, respectively, for some k, < k,. Up to
homotopy, we may assume w, = [, _,/, _, -+ [, .. Since [, . h, is homotopic to
hy il and [ . By to By o0, we reduce to k, = k, + 1, that is, to the case where
w is the constant path at (k; + 1, n — 2). But neither h, . h} nor h} . by is
essential, so that we obtain either w = h; A, , which is homotopic to /; , h, , or
w = hj . h},, which is homotopic to /, , A} . Repeating the same argument we
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eventually reach a path v’ homotopic to v containing just one crenel path, and by
“pushing the crenel to the left” as above, we may assume that either v’ = v,h;v, or
v’ = v,h}v, with low paths vy: (i, j) = (i,n —2)and v;: (i + 1,n — 2) = (p, q).
Since v, is essential, we get that p < i + n — 2. Changing v, modulo homotopy, we
obtain u, or u|. If we push the crenel to the right as far as possible, we reach
Wil i gs1—aWo OT Wih, oy, and since wy: (i, j) > (p+q+1—nn—2)is
low and essential, we musthavep + ¢+ 1 —n<i+j— L.

(b) Let w be the subpath of v obtained by deleting the first arrow of v is (i, j) is
high and the last arrow if ( p, ¢) is high. We are done if w is low. Otherwise, we may
assume that w = w'h,, or w = w’h/ ., for some low w’ in case (i, j) is high. If (i, j)
is even, we have i, & = [, ,d and @ = 0, where a: (i, j) = (i + l,n —2) is
the first arrow of v. If (i, j)is odd, then ,, & = 0 and R, &=1, a In case (i, j)
is low and (p,q) is high, we use the same argument for the decomposition
w=w'h, , orw=wh,_, for some low w’ (see end of (a)). In any case, we may
replace w by a low path without changing ©. Therefore, we must have

p<i+min(j—1,n-2).

PROOF OF THE PROPOSITION. The lemma implies that the subsets of (i, @, @}
listed in the proposition span k(ZD,)((i, j),(p, q)). If both (i, j) and ( p, q) are low
andifp <i+n—1<p+ g, welet uj be the low path

l
up: (i, j) = (i,n=2)=>(+1,n=2)>(p,i+n—-1-p)->(p,q).

Then uy is essential if and only if p < i + j — 1, in which case it is homotopic to uy,.
Since -/, + h; + h; = 0, we obtain the following relations:

Syt i, =0 ifp<itj-1,
i, + i, =0 ifi+j<p.

To finish the proof, it suffices to show that k(ZD,)((i, j),(p, q)) has the dimen-
sion claimed in the proposition. This follows from [3, 6.5] by computing the additive
function on Z D, starting at (i, j) (compare [6, 2]). Notice that k(ZD,)((i, j),(p, q))
= 01if (i, j) and ( p, q) are both high but not congruent.

3.3. Idea of the proof of the theorem. Let T = Z.D,/¥%, where ¥ is one of the
generators described in §2, and let #: ZD, — T’ be the canonical projection. Choose
a representation-finite algebra A such that I arises in the decomposition ,T, = T, U
-+ UT, of the stable part of T, into connected components, say I' =T, (see
Introduction). By ind A we denote the full subcategory of mod A whose objects are
specific representatives of the indecomposables, where mod A is the category of all
finite-dimensional A-modules. We let ind A be the residue category of ind A modulo
the ideal of morphisms which factor through a direct sum of transjective indecom-
posables. Recall that X is transjective (or equivalently nonstable) if 7”X is projective
for some r > 0, where 7 = DTr is the Auslander-Reiten translation of ind A. We
obtain a decomposition

indA =%, X B, X XB,
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where each “block” ?Bj is the residue category of the path category kI, modulo some
ideal I;. We will prove that for % = %, I; can be chosen to be among the ideals
described in the theorem, viewed as ideals in the path category kT'. This is sufficient,
since the stable block B of the Auslander-algebra E, belonging to T is given by the
same quiver and relations as %; in fact,

B= & %(x,y).

X, rED

By [4], there exists a well-behaved functor F: k(Z,) —ind A (with image %); i.e.,
a k-linear functor with the properties that Fx = mx for all vertices and that F& is
irreducible for all arrows of ZD,. For any two vertices x and y of ZD,, F induces
isomorphisms

® K(ZD,)(x.2)~ ind A(mx,my),

mr=my
® k(ZD,)(z,y) — ind A(mx, my).

TI=TX

In other words, F is a covering functor [2].
Our aim is to construct a well-behaved functor F,: k(ZD,) —ind A for each
m > 0 with the property that

= F,& modulo R*""*(7x, my)

e
—
<
R
N—
I

for all arrows a: x — y, where AR denotes the radical of the category ind A. Recall
that r is the natural number associated with the generator ¥ of II. If we succeed in
finding such an F,, for some m with 2mr > n — 2, then F,, is Il-invariant, since
2”73 = 0 by 3.2. The covering functor H: k(I') —ind A induced by F, is bijective
on the objects, and therefore must be an isomorphism. Hence % is standard.

If for some m we cannot find F,,, we will analyze the obstruction and show that &
has characteristic 2, that N(I") > 0, and that % is isomorphic to one of the categories
kI'/J for0 < ¢ < N(T).

In the subsections 3.4, 3.6, and 3.7, we construct F,,_, from F,, if that is possible,
and if not, we show what the obstructions are.

3.4. First step. We postpone the case ¥ = 7'p € Aut ZD, until 3.5 and assume for
now that ¥ = 17" or ¥ = 77®.

For F,, we choose any well-behaved functor k(ZD,) —ind A. We set G§ = Fib
for all arrows 8 whose head and tail lie on or between the “diagonals” ¥D, =
(¥, j): 1 <j<snyand D_, = {(-1, j): 1 <j < n)as well as for § = B,, and we
choose

Gy, = F((¥y,))

for 2 < j < n (see Figure 3).
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(—r,n-l) (o,n-1)

r,n)

472
r,1) L) o)

FIGURE 3

By induction, we find irreducible morphisms GB;,..., GB,_,, GB, such that

GB Gy — GY,GB; =0 forj=2,...,n-3,
and

GBnGan + Gan—lGan—l - GYn—ZGBn—Z =0

(compare [S, 1.6 and 7, 3.1)).
Assume GB;,. .., GB; have already been found for some 2 < j < n — 3. According
to [4, 3.4], there exists an Auslander-Reiten sequence

[Ga;,GB;)T [BY]
n(-1, ) S a1 j e no, - 1) B, )

n E A. Both y and Gyj are irreducible, and hence
Ay — Gy, € R2(7(0, j — 1), 7(0, j))

for some A € k\ {0). As F, is a covering functor, we have
()\1( - Gyj)GBj = z}\vFoﬁ,
where A, lies in k& and where v is an essential path v: (-1, j) = (sr, j) with s > 0. If
v is low, Lemma 3.2 implies that sr < j — 2, and v is homotopic to wa,, ,, where w is
the path
wi(=1,j+1)-> (sr,j—r)— (sr, ).
By 3.2, any high essential path v is of the form wa,, |, too, up to homotopy. Thus we
may assume that
(AI - GYj)GBj = ZAWFOWdej‘fI'

Set G, =-AB— YA, Fyp. By construction, GB,,, satisfies GB;. ,Ga;,, —
GY,GB; = 0, since Ga,,., = Fyd; .
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In order to define GB,_, and GB,, we start from an Auslander-Reiten sequence

[Ga, \Ga,GB, )"
7(-1,n —2) - 7(-l,n—1)@&7n(-1,n) ®x(0,n — 3)
[BB'y]
B3 0.0 - 2)

and use the same argument as above. Observe that any low essential path v:
(=1,n = 2) = (sr, n — 2) with s > 0 is homotopic to wy, _,8,_, = wi_, for some w,
and, since /_, = h_, + h"_,, any morphism in ®}°*(7(~1, n — 2), 7(0, n — 2)) can be
written as

Z}\w FOWFOdNAI + Z}\)\"E)W/Fi)dn

withA A, € k.
Let v: (-1,n — 1) > ¥~°(0, n — 1) be an essential path. By 3.2, we must have
sr <n—3and ¥°0,n — 1) must be congruent to (-1, n — 1). In case ¥ = 7",

both r and s must be odd, since ¥ (0, n — 1) = (sr,n — 1). If ¥ = 77®, we have
2t ) - = B
(0, — 1) = (2tr,n—1) fors = 2¢

(2t + 1)r,n) fors=2t+1,

and hence r is even and s is odd. We conclude that
ind A(n(-1,n—1),7(0,n — 1)) =0,
EA(W(—I. n),7(0,n)) =0

if either r > n — 2 orelse r < n — 3 and either ¥ = 7" with r even or ¥ = 7/® with
r odd. These are precisely the cases for which N(I') = —1 (see §2). We conclude that
for N(I') = -1, we have

Gvy,_,GB,., =0, Gy,GB,=0.
Extending G by Il-periodicity to the IT-orbits of the arrows on which it has already
been defined and setting FIS = G§ for all arrows 8, we obtain a well-behaved
[I-invariant functor F,: k(ZD,) —ind A, and hence % is standard (3.3).

Assume that N(T') > 0, and suppose F,: k(ZD,) —ind A has been constructed
for some m > 0. We exclude m = 0 only for the construction of G. Set G& = F,,,S for
all arrows & whose head and tail lie on or between ¥D, and D_, as well as for
§ = B,, and set Gy, = Fm((‘I'yjj) for j = 3,..., n (Figure 3). By induction on j, we
find irreducible morphisms Gg; for j = 3,..., n such that

GB; = F,,B; modulo R*"" (7 (-1, j), m(0, j — 1))

and such that the GB, satisfy the same relations as in the case m = 0 above. Assume
we already found GB;,. .., GB; for some 2 < j < n — 3. Then

X= F;nB/+IGaj+l - GY/'G:BJ‘
= F,B 1 Fudy = E,,F,B,= 0 modulo @2 (m(~1. j).m(0. ).
and as before we can write

X =2\, FWwE,a

wimEmei+ 1



ON STABLE BLOCKS OF AUSLANDER-ALGEBRAS 495

where A, € k and where w is an essential path from (-1, j + 1) to (sr, j) with
s > 2m. We set

GB .y = FmBj+I = LA EW,
and we have
GB;\Gayyy — Gv,GB; = 0,
GB;.\ = F,B;., modulo®*""*(7(-1, j + 1), 7(0, j)).
We obtain GB,_, and G, simultaneously by the same argument.

There is no essential path in ZD, from (-1, n — 1) to ¥~2"(0, n — 1) nor from
(-1, n) to ¥=2(0, n) (3.2). We conclude that

R 2 (=1, n = 1), w(0,n — 1)) = R 22 (7 (-1, n = 1), 7(0, n — 1)),
R +2(q (=1, n), w(0, n)) = R 22 (w (-1, n), 7(0, n)).
Summing up, we have for any m, including m = 0, that
GY,_GB,_, € R*™ ¥ 2(a(-1,n— 1), 7(0,n — 1)),
GY,GB, € R*™ 2 (m(-1, n), 7(0, n)).

We extend G to a k-linear functor G: kZD, —ind A by II-periodicity. This functor
will be our starting point in 3.6.

3.5. The case T = Z.D,/(7'p)%. Again we start from a well-behaved functor Fy:
k(ZD,) —ind A, but our construction has to be modified slightly. We set G& = F,$

for all arrows 8 whose head and tail both lie on or between the sets ¥D and 7D,
where D = {(1,1),(0,2),(0,3),(0,4)}, as well as for § = B,, and we choose Gy, =

F,((¥v))) forj = 2,3,4 (see Figure 4).

¢r,3) ¢1)3) (0,3)

ke
2o 1)

YA

Gret) 1)
FIGURE 4

There is an Auslander-Reiten sequence

[GasGayGasy]T [ 2]
r(-1,2) S sy e m(-1.4) @ 2(0,1) TE 2(0,2)

in El A, and we set
GB;=pB; forj=3,4 and GB, = -B,.

Proposition 3.2 implies that

ind A(n(-1. /). 7(0. )) = 0
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for j = 3,4, since there is no essential path v: (-1, j) = ¥~*(0, j) for any s > 0. By
symmetry,
LIEA(W(O, 1), 7(1,1)) =0

holds as well, and thus we see that Gy,GB; = 0 for j = 2,3,4. Extending G by
[T-periodicity and setting F\6 = G4 for all arrows yields a well-behaved II-invariant
functor F,. So %b is standard, and the case of quivers I' with N(T') = -1 is settled.

3.6. Second step. From now on, we assume that N(I') > 0, which means that
r < n— 3 and that either ¥ = 7" with r odd or ¥ = 7"® with r even. By ¢, we
denote the modified mesh-relation arising from the mesh which starts at the vertex x.
In 3.4, we obtained a Il-invariant functor G: kZ D, — ind A satisfying

G® =0 forx &Il(-1,n— 1) VII(-1,n),
4 2r+2
Gﬂ(—l.n-l)’ Gﬁ(—l.n) = GR mreers .
Our aim in this section is to construct a [I-invariant functor H: kZD, — ind A such
that
HS € 6R4(m+l)r+2(ﬂ_x 7TT_IX)
RY N °

for all x, provided that the characteristic of k is different from 2. Of course, Ha will
still be irreducible for every arrow a. We will then find F,,, | in 3.7.
Since R2"~* = 0, we may assume that (2m + 1)r < n — 3. The two paths

vi(-l,n=1)-=>(2m+1)r,n—2—-—2m+ )r) > ¥ "0, n-1),
v:(-1,n) = (2m+ )r,n—2—2m+ 1)r) > ¥ "0, n)
are both essential, and &, ¢’ is a basis of
kK(ZD,)((-1.n — 1), ¥Cm*D(0, n = 1)), k(ZD,),((-1,n), ¥ "0, n)),
respectively, by 3.2. Since F,, is a covering functor, we have
(x) G¥_,,1,=NF,d=AGv moduloR*"" > *(7(-1,n = 1), 7(0, n — 1))
= QUMD (p(1,n— 1), 7(0, n — 1))
for some A, A’ € k, and similarly
(%) GY_y » = pGv" modulo R*"* V"2 (7 (-1,n),7(0, n))

for u € k. Observe that the length of a path from (-1, j) to ¥~°(0, j) is congruent
to 2 modulo 2r.
We will now change G so as to obtain p = 0. Let u; be the path

@m+Dr,j—1-02m+ Dr)—->(2m+ Dr,j—1)

w: (-1, j) - forj <n,
AT (Cm+ )r,n=2-02m+ 1)r)->(2m+ 1)r,n—2)
forj = n,

andj > (2m + 1)r + 2. Using the notations of Figure 3, we set
G'B =GB, forj<(2m+ 1)r+1,

G'B, = GB, — uGu, forj> (2m+ 1)r+2,
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and G’8 = G3 for all arrows 8§ whose head and tail lie on or between ¥D, and D_,,
and we extend G’ by Il-periodicity.

We have G'§,,,=Gd,,, =0 for all (4, j) with /= -1 modulo r and for
(i, j)= (-1, j) with j < (2m + 1)r + 1. Since any two low paths from (-1, ) to
((2m + 1)r, j) are homotopic, G’ vanisheson #_, ;, form + Dr+2<j<n—3
as well. As forj = 2m + 1)r + 1, we have

n—j n 1
G’ ﬂ( L= Gﬁ( 1.j) - (-1 IP«G(VJHO‘,'H) (-1) 7 “G(“JH ,+|) =0
since u; . a, | is homotopic to
-1, j))=(-1,Cm+)r+1)->(2m+1)r-11)
> (2m+ Dr—1,2) = (2m+ )r,1) = (2m + 1)r, j),
which is not essential. Computing G'%,_, ,,_, we get
Gﬂ(-l‘n—Z) - H[G(un—lan—l) + G(unan) - G((\P_(zm-H)Yn—Z)un—Z)]
= _HGuG'ﬂ(_l‘"_z) = 0,

where u: (0, n — 2) = ((2m + 1)r, n — 2) is any low path. Finally, we have
G¥_yp 1= (XA—p)G'v modulo R¥*"*N*2,
G’ﬂ(-l,n) =0 modulo R¥m*THr+2

Without loss of generality, we can therefore assume that p = 0 in the formula (**)
above. If A in (x) is zero as well, we reached our goal, and G4, lies in R4 V" *2 for
all x. In case A = 0 in (), we choose A’ satisfying A2?™*D" = X  and we set
G’8 = NG for all arrows 8. Then

Gty = G'v modulo RV (a(=1n = 1),m(0,n — 1)),

or in other words, we can choose A = 1 in ().

Until the end of this section, we assume that k does not have characteristic 2 and that
A =1 in (+). We need a few notations: For —r < i < -2, we let §, and ¢, be the
arrows

8:(i,n—2)->(i,j), & (i,j)—=(i+1,n-2),
where (i, j) = (i, j’) are high and (i, j) is congruent to (-1, n — 1). We let v, be the
low path
v:(i,n=2)->(i+2m+Dr,n—2-2m+ )r)—=>(i+2m+ 1)r,n—2)
for each integer i, and we choose u;: (-1, j) = ((2m + D)r, j — 1) as before for
2m + Vr + 2 <. In addition, we w1ll use the notations of Figure 3. Set x =
¥-@m+D We define

HIBn—l = Gﬁn—l - %G(voﬁn—l)’

Ha, | = Ga,_, — 3G((xa,_1)v_,),

He, = Ge, + 3G (v, ,¢) for—r <i <2,

HS, = G&§, — 1G((x8;)v;) for-r < i< -2,

<

H,Bj=G,Bj—%Guj form+ D)r+2<j<n-2.
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- == Gsn) Ciyn-1) ¢3,n-1) (-2,n-1) hyn-1)
Z~7 X 7

- - = Sn)> o n2) 20 n) (30 1)»(3 n) > 27-2)>(4n)>,n2)> (¢, n) > (9n-2)

(-1,n-3) - (o,n-3)

A
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FIGURE 5

We extend H by II-periodicity to the IT-orbits of the arrows for which H has already
been defined, and we let H coincide with G on the remaining arrows. Figure 5
indicates the arrows on which H differs from G; they are marked with signs + or —
according to the definition of H above.

We now check that H¢, = 0 for all vertices x of ZD,; all congruences are modulo
RUm*+r+2 Since products of “correction terms” in A"+ V"1 ysed to define H lie
in RAm*Dr+2 ¢ qUmTDr+2 we need not take them into account. In addition, if w
and w’ are homotopic paths of length 2(2m + 1)r + 2, then

Gw — Gw’ € 6R[2(2m+ Dr+22m+1)r+2
and hence Gw = Gw".

First notice that ¥ exchanges even and odd high vertices, since N(I') > 0. In
particular, we have that ¥(0, n — 1) is congruent to (-1, n — 1), so that

Hy,_,=H8_, =G5, —1G((x8.,)v.,) = Gv,_, = 3G (XY, 1)),
Hy, = Gy,.
This yields
HY oy = H(Y,-1B,21) = GOy, — 2 G((X¥n-1)voB,-1) =0
(see (*) with A = 1) and
HY _,,,=Gd_,,, =0
(see (**) with p = 0). For any high vertex (i, j) with —r < -2, we either have
that HY; ;) = GO, ;)= Oorelse d, ;) = §,. ¢ (w1th8 a, . I) in which cases
Hﬁ(,“ Gl‘}('.l) 0,

()R’2(2m+ Hr+2

because the two contributions in ¢ cancel.

Clearly, H9; ;, = 0 for all (i, j) withj < n — 3; unless i = -1 modulo 7, H and G
coincide on @, ;,, and for i = -1 the contributions in ®}**”*""*2 cancel. To check

for (i, n — 2), we assume that (-1, n — 1) is even; if it is odd we just replace any &,
by 4, and vice versa in what follows. Let ~r < i < -2. Then

Hl, = G,
Hh, = H((o_lsi)‘si) = Gh; — %G((Xhi)vi)’
Hh; = H(e,(o¢,)) = Gh; + 1G (v, (h})),
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where for any arrow {: x =y of ZD, we set a{: 7y — x. Observe that xh, =
B vam+1), and that hj,,,., 0, and v, h; are homotopic paths of length
2(2m + 1)r + 2 from (3.2). Adding up, we obtain

HY ,_» = Hh, + Hh; — Hl, = GY,; ,_,, = 0.
In the remaining case i = -1, we have
HI_ = H(v, 2B,-,) = G, — 3G ((XVn=2)t4y-2)
= Gl_, — 3G(vyl_,),
Hh_, = H(B,_ a,_1) = Gh_; = 3G ((xB,- ) (x&,—1)v_1) = 1G(0pB,_ 1, )
= Gh_, — 3G(voh”)) — 1G(voh_,),
HKW_ , = H(B,a,) = Gh',,
and adding up yields Hd,_, ,_, = 0.
3.7. Third step.

PROPOSITION. Let H: kZD, —ind A be a k-linear functor with Hx = wx for all
vertices and Ha irreducible for all arrows of ZD, and such that for some t > 1

HY € R (7x, 777 'x)

for all vertices x. Then there exists a well-behaved functor F: k(ZD,) —ind A with
F&a = Ha modulo R for all arrows a of ZD,.

If we apply this proposition for ¢ = 4(m + 1)r + 1 to the functor H constructed
in 3.6, we see that for every arrow «

F((Ya)") = H(Ya) = Ha = F@ modulo R*™* V"1,
We can therefore choose F,,,, = F. We see that we find a well-behaved F,, as
described in 3.3 for every natural number m. As a consequence, % is standard,
provided that the characteristic of k is not 2. Remember that we needed this

condition in order to construct H in 3.6.
The proof of the proposition is based on the following

LEMMA. Let x be a vertex of LD, and a;: x — y, fori = 1,..., s the arrows with tail
x. Given irreducible morphisms f: mx — wy, and g;: wy, > wv7'x in ind A such that
Lg.f; € Q' (mx, m17'x) for some 1 > 1, there are morphisms g] €ind A(my,, 7"'x)
with g/ — g; € R'(wy,, m7~'x) and such that £.g!f, = 0.

PROOF. This is the version of [7, 3.7] for ind A of ind A, and we will only indicate

the proof here. By [4, 2.2] there is a well-behaved functor G: k(ZD,) —ind A with
Ga; = f,. Therefore o

Zglf; = E}\WGW,

where w ranges over paths from x to ¥~*r~'x with s > 0 whose length is not less
than ¢ + 1. Each w has the form va; for some i and some v starting at y,, so that

;gifi = z{:( - }‘i.oGt—’)fr
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We set
gi, =8~ ZAI.z:Gﬁ'

PROOF OF THE PROPOSITION (COMPARE [7, 3.5]). We go back to the original
construction of well-behaved functors in [4, 2.2]. Set F&@ = Ha for all arrows a:
(i, j) = (p, q) of ZD, with i + min(j, n — 1) = 0. Suppose that for some vertex x,
F&, has been constructed for all arrows «,: x — y, with tail x. Set

It (o7'e) (o) = (o' ),
T (o) (@) = (a7 ).
Then
YeH(o'a,)Fa, =) eH(o o) Ha, = HY,
- :

=0 modulo R (7x, 777 'x).

We apply the lemma for f, = e, F(a,) and g, = H(o'a;), and we set F((o7'a,)) = g/.
Clearly, F§ = 0. We use the dual arguments if F is already defined on the “right
half” of a mesh.

3.8. The case N(I') > 0 and k of characteristic 2. From now on, we assume that k
has characteristic 2 and that N(I') > 0; we have shown that ¢ is standard in all
other cases. Assume we met no obstruction in constructing Fy, Fy,..., F, for some
¢ > 0(3.3), but that the functor G we obtained from F, (3.6) satisfies

G9, =0 forx&Il(-1,n—1)UII(-1,n),
G¥_,, = Gov modulo R** V" *(7(-1,n = 1),7(0, n — 1)),
G9._,,,=0 modulo RV 2(7(-1,n), 7(0, n)),

where v is the path
vi(-l,n=1) > (Qc+Dr,n—2-2c+ 1)r) > ¥ (0, n—1).
Notice that (2¢ + 1)r < n — 3and hencec < N(I')=[(n — 3 —r)/2r].
In this section, we will construct a k-linear II-invariant functor F,: kKZD, —ind A,

for all m > ¢ + 1, with F, x = #x for all vertices and F,,a irreducible for all arrows
of Z D, and such that

F4. =0 forx ¢ Il(-1,n—1)UIl(-1,n),

mYx
Enﬂ(—l.n—l) +Fv=0

" modulo Q4™ +2,
F;nﬂ(—l.n) = O

If we succeed in doing so for some m with 4mr + 2 > 2n — 3, then F,, induces a
k-linear functor from kT to ind A which vanishes on the ideal J, defined in §2.
Notice that mesh-relations and modified mesh-relations are the same since k has
characteristic 2. Hence we obtain a functor

H:kT/J,— ind A.



ON STABLE BLOCKS OF AUSLANDER-ALGEBRAS 501

and H is bijective on the objects and full since F), is full. Indeed, let F: k(ZD,) —»ind A
be any well-behaved functor. Then Fa and F,a differ only by a nonzero scalar
modulo R/ 2. By induction, F and F,w differ by a nonzero scalar modulo }'*' for
any path w of length . Since F is a covering functor and %R is nilpotent, this shows
that F,, is full.

To see that H is faithful, we count dimensions. First notice that the associated
graded category [2], of kT /J, is the mesh-category k(I'). In fact, the radical of kI"/J,
is generated by the residue classes of the arrows of I'. Therefore, we have for any
pair x, y of vertices of ZD,:

dim, kT /J (7x, my) = dim, k(T)(7x, 7y)
= ). dim, k(ZD,)(x, z) = dim, ind A(7x, my).
MZ=TYy
Here we use that covering functors exist from k(ZD,) to both ind A and k(I"). Thus
H is an isomorphism from % = kI'/J, to 9. o

We choose F.,, = G. Assume F,, has been found for some m > ¢ + 1 such that
4mr + 2 < 2n — 4 still holds. For j =n — 1 or j = n and for each integer ¢ such
that rr < n — 3, we let v; , be the path

v (=1, )= (r,n=2—1r) > ¥(0, j).
Notice that the path v: (-1, n — 1) = ¥~<* (0, n — 1) above is just v,_; 5., . By
assumption, we have
FE,d. =0 forx&Il(-1,n—1)VUII(-1,n),
Fd iwny T B0 =AF0, 1 5me

- modulo Q¥+ Dr+2,
Fmﬂ(—l,n) = nU’Fmvn,2m+I }

for some A, p € k. Remember that
6\Hy4mr+2(7r(_1’ j),W(O, ])) — a’4nzr+2r+2(ﬂ,(_l, j),?T(O, ]))

forj=n—1andj = n, since there are no essential paths (-1, j) = ¥~2"(0, j). If
22m + 1)r + 2 < 2n — 4, we have to find an F, , satisfying the same relations,
but with A = p = 0. To define F,,,, we use again the notations of Figure 3. For
Jj=2,...,n,welet

u:(-1,7) = (2(m—c)r,min(n — 1, j) — 1),

J

w;i (=1, j) = ((2m + 1)r,min(n — 1, j) = 1),

be any low paths (of length 4(m — ¢)r + 2 and 2(2m + 1)r + 2, respectively).
If m — cis odd, we set

F,\B=F,B + (A+ p)Fu, + AF,u;

m”y mtje
if m — c1is even, we set
Fm+lﬁj = Fmﬁj + (A + “)quj + AU‘F u;

m7jo

forj=2,..., n. We extend F,,, | to the II-orbits of the §; by II-periodicity, and we
let F,,, , coincide with F,, on all other arrows.
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In order to check that F, ., has the desired properties, we need the following
lemma, which we will prove later.

LEMMA. For any s> 0 with 2s + 2c+ 1)r<n—3 we have that modulo
6H/4(s+(+l)r+2:

F 0 if s is odd,
Op—125 = ifsi
mn—12s F;"U", 1254241 IfS 1S even,
F _ F;nvl1.2.v+ 2¢+1 IfS s Odd’
m®n2s 0 ifS is even.

By definition, we have
F;n+ lﬁ(i.j) = Fmﬂ(i.j) = 0
for all (i, j) with i # —1 modulo r. As F,, vanishes on all low mesh-relations, it is
easy to see that F,, % _, ;) =0 forj<n—3. Asfor (-1,n - 2), (-1,n — 1), and
(-1, n), we concentrate on the case that m — ¢ is odd; the other one can be handled

in the same way. We obtain
Eoi® - = F0 -0+ (A + p)(Fu)F,9 -5
FAN(EU)E, By 0= 0,
where u and u’ are low paths from (0,n —2) to (2(m —c¢)r,n —2) and
(2m + 1)r, n — 2), respectively. The reason is that we have
(FYu—2) Fptty—2 = (Fu) (¥, -2B,-2),
(B Yu—2) Bty s = (Bu') F,(Y,-2B,-2)s
for the contribution of F,, . ,(v,_,8,_,), since F, # = 0 for x low.
By the lemma, we have
Foi1® i = Fud i T (A + 1) F0, 5000t AF0, 000
=(p+A+p+A)E,0, 5,1 =0 modulo R D2,

and
F;JH- Iﬂ(—l,n— 1) = Fmﬂ(—l,n— 1) + >\le)", 1.2m+1 = Erlv mOdUIO QR/“(WH- l)r+2‘
We will be done if we can show that

F,.,v=F,v moduloR*"*D*2

m

To see this, we first notice that we may replace v by
— -(2¢
w= (‘P ( (+I)Yn—l)[(2c+l)r—l o LloB, s

since both F, and F,,,, vanish on ¢, for x low. The path w contains 8, , and
¥=°B,_,fors =1,...,2c + 1, but no other § € TIB, for any j. Hence

F,

m+10 = Fmv + (ZC + 2’)(A + "")Envnfl.meLl = Fmo modulo qﬂ"‘(m+l)r+2'
Notice that replacing an arrow in w by a path of length 2(m — ¢)r + 1 yields a path
of length 2m + 1)r + 2, and the corrections arising from u,_, and u,_, are the

only ones we have to take into account modulo R*™*Dr+2,
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PROOF OF THE LEMMA. For j=n—1lorj=nand for x <y <x+n— 2, we
define the two paths
u(x’j’y): (X,j) - (y$x+ n—1 _y) - (y’k)’
W(X,],)’)i(x’j)_’(y,x*""‘I_Y)—’(Y»k'),
where (y, k) = (y, k') are high and (y, k) is congruent to (x, j). Then w(x, j, y) is

a path of length 2(y — x) which lies in the ideal  of (modified) mesh-relations, and
therefore

Fow(x, j,y) € R 072N (e (x, j), w(y, k).
In particular,
Ew(-1, j,tr)=«x(j,t)Fu(-1, j,(t + 2¢ + 1)r) modulo R2*2¢+Dr+2r+2
for some k( j, t) € k. Since
_ {u(—l,j, tr) fortodd,
gt w(-1, j, tr) forteven,

the proof of the lemma reduces to showing

_ _ [0 forsodd,
(*) k(n—1,25) {1 for s even,

_ /1 forsodd,
x(n,Zs)—{O for s even.

We now compute «{ j, ¢) by induction on ¢. For ¢ > 0, we obtain
Fw(=1, j,tr) = Fu(tr — 1, k', tr)E,w(-1, j, tr — 1)
+Ew(tr— 1, k, tr)F,u(-1, j,r — 1),
where (k, k') = {n — 1, n} and (¢r — 1, k) is congruent to (-1, ;). Indeed, since F,,
vanishes on all 4, with x low, we may first replace w(-1, j, tr) by the low path
81,,_ w with
wi(-1,j)->(tr—=1,n—=1—tr)>(tr—1,n-2)
and then add F, (8%,,_, ,_ow) to F,w(-1, j,tr).
In the first summand, we “push the crenel to the left” (3.2) until it contains a high

vertex with first coordinate (¢ — 1)r; only mesh-relations &, with x & II(-1, n) U
IT(-1, n) are necessary to do that. So the first summand satisfies

Eu(tr— 1, k', tr)E,w(-1, j,tr — 1)

=Fu((t = 1V)r,q,r)Ew(-1, j,(t = 1)r)

=«(j,t — V)FEu((t = 1)r,q,tr)Eu(-1, j,(t + 2¢c)r)

=«(j,t — 1)Fu(-1, j,(t + 2c + 1)r) modulo R*'+2e* D+2r+2

where ((¢ — 1)r, q) is the high vertex incongruent to (-1, j).
As for the second summand, we notice that, modulo R>?¢* Dr+2r+2,

Fou(tr=1,k,(t+ 2c+ 1)r)

Ew(tr—1,k, tr)= for(r—1-k)el(-1,n-1),
0 for(&r—1,k) € II(-1,n).
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Adding up, we obtain
1 if(er— 1, k)ell(-1,n— 1),
1) = t— 1)+ .
k(1) = () ) {0 if (r — 1, k) € TI(~1, n).
Remember that (zr — 1, k) is the high vertex with first coordinate 7 — 1 which is
congruent to (-1, j). If ¢ is even, ¥~ /(-1, j) is congruent to (-1, j); if 7 is odd it is
not. We conclude that

~ _ B 3 0 ifrisodd,
k(n—1,0)=x(n— 1,1 1)+{1 if ¢ is even,
1 ifzis odd,

k(n, 1) =x(n,t—1)+ {0 if 7 is even.

These formulas, together with k(n — 1,0) = 1 and k(n,0) = 0 yield (*) immediately.

3.9. Isomorphisms. We keep the assumptions of 3.8; i.e., k has characteristic 2 and
N(TI') > 0. The last assertion we have to prove is that %3, = kT /J, is not isomorphic
to b, = kT'/J, for any ¢ > 0, nor to k(I').

We denote the radical of any of these categories by ., and we note that for any
¢>0, %,/R**? is isomorphic to k(T)/R*"*?, since the length of the path v:
(-l,n—=1)> ¥*DNO n—1)is 2(2c + 1)r + 2 > 2r + 3. Since isomorphisms
preserve powers of the radical, it is therefore sufficient to prove that %,/%*"*? is
not isomorphic to k(T') /R*"*>.

Asume there is an isomorphism

F:By/RYH2 - k(T) /R,

We claim that the automorphism of the quiver I" induced by F is compatible with 7.
Let n > 5 and assume that Fr(i,n — 1) = a(p,n — 1) for some i, p € Z. Then
Fr(i,n—2)=a(p,n—2)and Fa(i — 1,n — 1) equals either 7(p — 1, n — 1) or
7(p — 1, n). Since

Bo/R(7(i = 1,n—1),7(i,n—1)) =0

and

k(D)/R(a(p = 1n),7(p.n—1)) =0,

we see that Fr(i — 1,n — 1) = (p — 1, n — 1). Hence F commutes with 7 on the
images under 7 of high vertices of ZD,, and it clearly does on the other ones. The
case ZD, can be handled with an analogous argument. Since any automorphism of
the translation-quiver I' induces an automorphism of k(I')/%*"*3, we may assume
that F is the identity on I.

We obtain that for every arrow « of T,

Fa=Aa)&@ modulo R*"*",

where A(a) € k\{0) and where @ denotes the image of a in %,/R*"*" and
k(T)/R*"*3 respectively. Modulo ¢32” ', all mesh-relations of I are zero in %, so
that

A(a)A(oa) = A(B)A(0B)
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for any two paths a(oa), B(of) from any x to 7~'x in I'. But then the functor
sending & to @/A(a) is an automorphism of k(T')/R* ", and hence we may assume
that A(a) = 1 for all a.

The images of all paths in ZD, of length > 2r + 1 which do not contain any high
vertex generate an ideal / in both Bo/R?"3 and k(T)/R*">, which is preserved by
F. We let F be the induced functor modulo 1. Observe that by 3.2

§R2r+l/qR2’+3(x’ y) C k(r)/%2r+3(x’ y)

is either zero or one-dimensional modulo I. In particular, if x and y are tail and head
of an arrow a = 7wa’, where «’: (i, j) = (p, q) is an arrow of ZD,, we obtain a
one-dimensional space, say generated by ©, for some path v, if and only if
j=n—2-—randq > n— 2 — r. This condition is equivalent to saying that there is
a path from (i, j) to ¥~'(p, q) in ZD, containing a high vertex (compare 3.2). We
obtain Fa = @ + u(a)v for those arrows a and Fa@ = & for the other ones. If we
express the fact that the images of all 9, with x & II(-1, n — 1) are zero in B, we
obtain that Yu(a) = 0, where a ranges over all arrows in the mesh starting at 7x for
which v, is defined. Since the image of #_, ,_, + v in B, vanishes as well, we see
that Yu(a) + 1 = 0, where a runs through the arrows of the mesh starting at
7w(-1, n — 1). Notice that each p(a) arises exactly twice in this system of equations,
once for each mesh containing a. We obtain a contradiction by adding up all the
equations, since k has characteristic 2.
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